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1 . INTRODUCTION

Sol’~ ing the equations governing inviscid fluid mechanics is  n o t

an easy  t a s k  - essentially because the system is non-linear. In addit i on ,

i i i  s t e a d y flow past blunt bodies various reg ions differ from each oth ei

n i i t h e m a t i c a l l y  - the subsonic flow at the front of the body is g o v er n ~~L~

~v elli ptic partial differential equations while the same set of

~~ j~~~I t j O f l s  become hyperbolic farther downstream .

tl~fI*.M.c.... . CDPs~c.r

~~~~ Sh.~k ~~~~

-
~~~~~~~~

‘
~~“~~~

S.-,.;~ PI4~ .

~~~~~~

Fi g. I

i~cc :n N e  of  t h e  d i f f i c u l t y  in o b t a i n i ng  a n a ly t i c  s o l u t i o n s  t h e r e  i~er~

d e v e l o p e d , in t h e  1950 ’ s , a n u m b e r  of  n u m e r i c a l  m e t h o d s .  T~~o o 1 t h e

I L t ~~er  k n o w n  ones  were  the method of Integral Relations du e  t o

Do r2dn t.svn and Belotserkovskii [1 1 and the  I n v e r s e  B od Y ~Iet  h o d  o I

ri h e d i  an 1 2 . Both  a re  tisna ii v used  i n t h e  su b  s o n i c  r e s ~ I o t i  on 1

w i t  h t h e  i~e thod  of  c h a r a c  t e r i st i cs be i ng emp 1 oved  f o r  t h e  ~up e  r son  i c

t i  m . these t w o  a 1 ~z o r  i t h m s  a r e  e l f  i c l e n t  f r o m  t he  po i n t o I V t e~ I
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speed of calcul at ion and core memory requiremen ts . They do , however ,

encoun ter diff icul ties in two areas: near the sonic poin t and at the

expansion corner (see Fig. 1). Since these methods solve the steady

flow equations they cannot be applied to truly time dependen t problems -

such as the diffraction of a shock wave by the bow wave of a body in

supersonic fl ight. In the 1960’s Lax and Wendroff [3], Richtmyer [4]

and others developed finite-differences algorithms of second order

accuracy for solving the time dependent equations. In principle these

methods possess several advantages: the ability to treat time dependent

problems , the ability to include shock waves without special treatment

and the fact that the whole flow field is governed by hyp erbolic

partial differential equations .

It is also found that the sonic line region and the expansion

corn er do not present any difficulty to these types of computations.

The major disadvan tage of these algorithms is having an additional

dim ension (time) - thereby increasing the computation time. The

leng th of computat ion depend s on the time step, ~t , which the

algorithm allows without causing numerical instabilities. Thus , wher e

possible , it is desirable to devise algorithms with larger allow able

time step . Zwas [5] has modified the Richtmyer two step method so

that 1~t is increased by 40% in two-dimensiona l calculations and by

70% in three dimensions. Flows containing shock waves are subject to

li tt le unders tood non-linear numeric al instabili ties. Harten and

Zwa s [6] sITow how to deal with this problem by emplo ying the Shuman

filter. Goldberg , Gottlieb , Turk el and Aharbanel [ 7 ] ,  [8], [9], [10 1 ,

developed a numbe r of al gorithms for achieving hi gh order accur acy
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~4 t h  order  and m o r e )  and a l s o  c o n s i d e r e d  the  t h e o r e t i c a l  p r o b l e m s

~on n e c t e d  w i t h  a p p l y i n g  b o u n d a r y  c o n d i t i o n s  at  m o v i n g  b o u n d a r i e s  ( e . g .

the  R a n k i n - H u g o n i o t  c o n d i t i o n s  a t  a shock w a v e ) .

The specific problems solved in this report are as follows :

1. Supersonic flow of ideal gas past two dimensional bodies at zero

angle of attack. The bodies are blunted wedges connected to

strai ght afterbodie s (see Fi g . 1). The ca lcula tions wer e carr ied

out for a range of Mach number s , 2 ~ M ~ 4, and for var ious

values of the wedge angle.

2. Supersonic flow past two dimensional bodies at various ang les

of attack.

3 . Supersonic flow past blunted bodies of revolution such as b l u n t e d

co n e fo l l o w e d  b y a c i r c u l a r  cy l i n d e r  a f t e r h o d y  (see Fi g. 1).

4 . A 3 - U  c a l c u l a t i o n  of t he  f l o w  pas t  an a x i s y m m e t r i c  b o d y .  W h i l e

t h is probl irii is no t  t ru l y a x i s y m m e t r i c  t h e  c a l c u l a t i o n  was carried

in  3 - U  and t h e  r e s u l t s  c o m p a r e d  w e l l  with t h e  a x i s v m i n e t r i c  c o m p u t ~~ i~~ ’

fo r  t h e  same b o dy . [These  r e s u l t s  e n c o u r a g e  us t o  a t  t e m p t  t i’ a l  3

pr ob lem s .]

Tn  Sect  ion 2 are presented the p a r t  i i i  i i i  f t ’ e r e n t  i a l  e q u a l  1on ~- f o i

rit e various cases; Sect i o n  3 descri b es t h e  num e r i c a l  s c h e m e ;  t h e

H ntl nd ;trv and i n i t i a l  cond  i t  i o n s  t r c : i t m e n  ¶ is ~ I yen i n  Se c t  i ~n 1 an d

S e c t i o n S d i s c u s s e s  t h e  n iim e i ic , i I re~ t i i t s .
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2. THE EQUATIONS OF MOTION

(i) rwo Dimensional Flow

The Euler equation s for the time dependen t flow of invisc id ,

compress ible fluid are :

+ .
~j.(pu) + ~~.(pv) = 0 (Continuity) (2.1)

a a 2 a
+ ~~~~( p u  +p)  + ~~~~( p uv)  = 0 (x-momentum ) (2.2)

.~~.(p v) + ~_ ( p v u )  + ~~~.( p v 2 +p)  = 0 (y-momentum) (2.3)

+ .
~~[u(E+ p)] + ~~ [v(E+pfl = 0 (Energy equation) (2.4)

where u , v , p , p, E are , respectively, the fluid velocit y in the

x-direc tion , fluid velocity in the y-direction , the density, pressure

and tota l energy (internal plus kinetic energ ies) per unit volume of

the fluid at the point (x, y) at time t. We still have to

characterize the fluid through its equation of state. We ’ll consider

idea l gases for which

F = + 4p ( u 2 + v ’~) ( . .  H

or , solvin g for p,

p (T Uft - ~~p t u 2 + v 2)J (2.n ~

where y = c~~/c~. is the ratio of specific heats at const ant p r e s s u r e
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and volume respectively. For hyper sonic flow , for example , one would

have to use a different equation of state.

The above system of partial differential equations is written in

divergenceless form . In vector notation it may be written as

( 2 . 7 )a t ax ay

with the vectors W , F and G g iven by

(2.8)

p - m  - n

m ~‘3) m 2 - ( y - l ) ( E - i i ~ ) -

2p
F =  ; G

n - ~~~~~~ (‘~~3) 
n 2 - (y - l ) ( E- ~!1.~_)

p 2p

E (y-l) m(m2+ n2) - ~~~~~~~~~~~~ n ( m 2+n 2) -— . 2p 2 P 2p 2 P

and where m = pu and n = pv.

(ii) Three Dimen sional Flow

The conservation equations are of the form :

= + !~. + ( ‘ . ~)

~t ax ay a: 

~~—-—~- -~~~~~ -~~~- -~~~~~ -—--- ~~~~~~--__ -~~~~~~~



-~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~- ... - -

where

- m

( 3 )  
in 2 - ( 1 ) ( E ~~~~~~ )

W n ; F = - ( 2 . 1 0 )

flu

Ii t y l) m ( m 2 +n 2 + Q 2 )  -

- — — 

2p 2 p 
—

- n  -
~~~~~~

p p

= 

~~~ n
2 - (y-l ) ~~~~~~~~ ; II = 

(2.11)

______ - (~ -1) (11
m 1 _ )

~~~~~ ) n (m2 +n 2+~~ ) - ( I) 
~(m 2÷n 2+~~2) - 

i: j
where now

p (~~- l ) [I~ 
- ~~~1u~~+ v + w 2 H  ~~~~~~. l 2 ~

=

a nd w i s  t he  v e l o c  i tv  c o m p o n e n t  i n  t h e  d i r e c t i o n .  

_ _ _



l i i i  1 
~~~~~~~~~~~~~ 

me tr i c F 101%

We g o t  t i i i  s case I r un t  the 5 - 1) eq u i t i o n s  i 2 . 9)  — (.2 . 1 3) t h r oug h

the substitution

x = x , v = r s i n o  : = r c o s o , ( 2 . 1 4 )

and by going from the ve loc it components u , V , w to veloci tv

components in the x , r , t dir e ctions i.e. u , u and u~

respecti vel y . Si nce  we a s suni o cy I i n d r  I ca I smmet rv , we ma~ as well

assum e u~ = 0 and label u~ and by u and v respectivel y .

A l l  va r i a b l e s  now depend  on t , x and r = + :~ . As a c o n s e q u e n c e

o f t h is t r an s f o rm a t i o n  we g ot  t h e  f o l l o w i n g  sy s t e m  of e q u a t i o n s :

— ( r H  + *(~~
u) -~~(r~ v ) = 0 ( .‘. I H

~~~(r ~~u 1 + 
~~~~ 

V (~~~ I ~p) ] + ( i ~~ iiV ~ = 0 (2 . I t

~~ ( r p v )  + 
~~~~~~~~~~~~~~~~~~~~~ 

+ 
~~ Ir (cv~~ p )1

~~ (r1i) + [rim (L+p)] + rv (Np) I 0 . (~~. I

Nu t i c e  t he  i uhomogoneous t e r m  i n  E q .  . . V ) . The vec t c r  (cnn c t  t hi

s y s t e m  i s

= r F )  + r t )  S .~~.

_ _ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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where the pressure is again defined as in (2.6) and the nonhomogeneous

term vector , S, is g iven by

= (:) . ( 2 . 2 0 )

The vec tors W , F and G are the same as those g iven in Eq. (2.8).

If we label W ’ r~ we see imm ediately that rF(W) = F ( W ’ )  and

rG( w ) = G(W ’). Let F ’ F(W ’) = rF  and G ’ G ( W ’ ) = r G ;  i . e .

F’  and Gt are the same vector function s of IV ’ = r W as F and G

were of W. Thus our task becomes the solution of the system

— + + 5 1)a t  ax ~r 
—

3 . THE FINITE DIFFERENCE SCHEMES

In all cases described herein the algorithm s used are based on a

two step scheme a la Zwas and Burstein [5], [11], [12]. in the t~~c-

dimensional and cylindrically symmetric cases the schemes use ~)

computational points in a 3 x 3 net . In the 3-U case we require

27 points constituting a 3 3 x 3 cube.

We now present the schemes , their linear stability criteri a and

the way we use the Shuman filter to prevent non- 1.in~~:i’ instabilities. 

- ‘ ,~~~- ,-- -

-~
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• (i) The Two-Dimensional Case

The v e c t o r s  t c (x , y ,  t )  , F(W(x , v , t ) )  and  G ( ~V ( x , y, t , ) )  are

ap p r o x i m a t e d  b d i s c r e t i z e d  v e c t o r s .  Thus  = W ( j A x , k A y ,  t~ )=W (x ,v ,t)

w h e r e  A x , ~v and At ~ are the  s t e p s i z e s  in the  f i n i t e  d i f f e r e n c e  n e t .

• Su n i l a r l y  F ’~ k 
= F ( W ” ~ ) an d G” k 

= G (W ~’ k~ 
We s h a l l  t ake

3 ,  3 , r~ 3 ,  3 ,
constant , but ~~~ may vary. The number of time steps

n
required to reach the time t~ is n ; 1.C. t~ = 

~ 
At~~m=l

The ba s i c  f i n i t e  d i f f e r e n c e  scheme a p p r o x i m a t i n g  t h e  s y s t e m  ( 2 .  )

is  g iven  b y :

~ ~
n ,~,n ~nw = w + T [F - F + C - G

~~~~~~~ ~~~~~~~ 
- j + 1 , k + k  j , k +~ j +~~, k +1

( f i r s t  s te p) ( 3 . 1 )

n + l  ~~~~~~~~ ~n+~ ~~~~ ~~~f l+~~~

W = + - F + C - C ] (second step) (5.2~
i ,k j  ,k j +~ ,k j  •• 

~ ,k j  , k i-~ j  , k-~

w h e r e

X = A t /A X  = A t/Av (5. 5~

-f l  n n n n
(V = I W + (~ + (~ + IV J •

j +~~, k +~ ~ j + l , k~~l j + I , k j  , k + l  j  ,k

11

F = F ( - - ( W  ) )
j + 1 , k + ~ — ~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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1 n+•~F = F (~ - (W + W ) )  (3.6)
j +~~, k -~

1 ~C = C (— (W + W ) )  ( 3 . 7)
j +~~, k + l  ~

- j,k+l j+l ,k+l

1
= C(~-(W + W ) )  , ( 3 . 8 )

j , k +~ - 

~~~~~~~ j-~~,k+~

t.. i t h s i m i l a r  e x p re s s i o n s  h o l d i n g  fo r d i s c re te  ve c t o r s  w i t h  d i f f e r en t

subscri pts.

The c r i t e r i o n  fo r  the  n u m e r i c a l  ( l i ne a r )  s t a b i l i t y  of t he  scheme

( 3 . 1 )  + ( 3 . 2 )  c on s t r a i n s  the  t ime  s tep  to be (see R e f .  [ 1 1 ]) :

A X

A t  ~ ——
c + /u2 +

w h e r e  c = (~ p / p ) 2 is t h e  speed of sound . In p r a c t i c e , one  has  t o  c h e c k

a l l  t h e  involved qualities at each grid point and select the minimum oi

t h e  r i g ht  hand s ide of Eq .  (3 .9 )  over  a l l  j  and k. Thus , we use

Ax
A t  = t - t ~ ( 3 . l t ) (n + l  n+l n 

_________________

max [c~ •~ I (u~ )~~+ (v~ K~~
1• k ~~~‘

- • -

~ 

•~~~-~~ - •--
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(ii ) The Cy l indrical Symm etry  Case

• F o r  the  sake  of conven ience  IcC s h a l l  d r o p  now the primes of the

vec to r s  W’ , F’  and C ’ appear ing  in E q .  ( 2 . 2 1 )  and the  d i s c r e t i z e d

a p p r o x i m a t i o n s  of these  vec tors  w i l l  be

~j , k = W ’ ( j A x , k A r , t n ) = r W ( j A x , k A r , t~~) where , as be fo re  A x  = A r

is the g r id  s i z e  wh i l e  t n = 

m~ l ~~~~ As be fo re , we d e f i n e

k = F ( W ’  ( j A x , kA r , t ) )  = F (W~’ k~ 
and s i m i l a r l y fo r  C ’3 ,  n

The bas ic scheme representing Eq. (2.21) is given then by:

n 
~ ~

n ,~~fl ,,~fl ~n A tW = W + ~-[F -F +G -G S (3.11)
j+~~,k+~ j+~

. ,k+~ j+l ,k+~ j,k+~ j+~~,k+l j+~~,k j+~~,k+~

(first step )

n+ l n ~n+~ ,.n+~ ,,,n+~ ~n+~
= W + \[I’ -F  +G - G  ] + A t  S (second st cp ) (5.12 ~

j,k j,k j+~~,k j- k , k ~ ,
k+~ j  ,k-~ j  ,k

where

1 ‘~

S = — [ S  + S + S + S ] (3.1-H
j+~~,k+f 

4 j+1 ,k+l j+1 ,k j,k~ l j, k

1 ~~~~~~~ f l+~~ f l+~~ f l+ ’

S = — [S + 5 + S + S ] (3 . 1 4 )

j  ,k j+~~,k+~ j+~~,k-~ j-~~,k+~ j -~ ,k-~

n+~
S = S ( W  ) . (3 .151

j +
~ ,k+~ j +~ ,k+~



- 12 -

The expressions for F
~ +l k÷~ ‘ ~~~~~~ ‘ 

G
~ +~~,k+l 

etc. are

the  same as in the  C a r t e s i a n  case , E q s .  ( 3 . 5 ) - ( 3 . 8 ) .  The i n h o m o g e n e o u s

vector S does not effect the (linear) numerical stability and the

stability condition remains as in Eq. (3.10).

(ii i) The Three Dimens ional Case

The various d ifference exp ressions for this case are obviou s

extensions of the two-dimensional ones. The basic finite difference

scheme approxima ting the system (2.9) is given by:

n+ , n 
~ ~nW = W  + — [F  - F

j+~~,k+~~,9 +~ ~~~~~~~~~~ 
2 j+1 ,k+j.,~ +~.

~~fl ~n ~n
i - C  - G  + H  - H

j+~~~,k ,z+~ j+~~~,k+k , t+1

(first step) (3.lb)

= W + x [ F  - F + C - C
j  ,k,~ j  ,k ,i j+~~,k ,2~ ~~~~~~~ j  ,k+~ , 2. j  ,k- 2 ,~

+ H - H ] (second step) (3.17)
j  ~~~~~ j,k ,t -~

w h e r e  = A t / A x = A t / A y  = A t / A :  (5 .1 8 1

I
W = — [ W  + W + W + W

~~~~~~~~~~ 
S j+l ,k+1 ,t J+ l ,k ,~ j,k+1 ,c

4. + ~ + W + W I (3.19)
+ 1 , k ÷  1 , ~ + 1 i + 1 , k , z + 1 , k +  I , ~~+ 1 j  , k , + I

— • •-~~-
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. f l  1 n n n
F = F(~-(W +W +W +1~ ) )  (3. 21 ’)

j+l ,k+l ,~ +1 j+1 ,k+l ,.c. j+1 ,k ,.c+ l j+l ,k ,z

1 
n+~ n+~ f l+~~

F = F (-4- ( I V  + W + (~ + W )
j+~~,k+~~~ +~ j+~~,k+~~,z-~ j+~~,k-~~~ +~

(3. 2 1 )

1 n n n n
G = G ( — ( W  + W + W + W ) )

~ j+l ,k+1 ,~ +l j+l ,k+l ,~ j,k+l ,~~+1 j, k+l ,~ (3.22)

1 ~~~~~~ f l+ .~ fl+~~

C = G (
1

(W + ~ + W + W ))
j + f , k +~~, z÷ ~ ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ j - ) , k÷~.,~~~- :

( . 3 . 2 5 )

1 ‘~
H = F! (— ( W + ~ + l•~ + W ) I4 j + 1 , k + l , z + 1  j + l , k , z + l  j , k + 1 , z + l  j, k ,c + 1

( 3 .

• ~ni-~ 1 n+~ f l+~~ fl+~~
H = H (— (W + l~ W + IV )

4 j+~~,k+f,~~+~ ~~~~~~~~~~ ~~~~~~~~~~

w i t h  s i m i l a r  e x p r e s s i o n s  f o r  d i f f er e n t  s u b s c r i p t s . B a n c l o g v  t o  ( 5 . l 0 ~

the largest time step a l l o w a b l e  un de r t h e ( l i n e a r )  s t a b i l i t y  cri ~~c rmcn i-

A t  t - t  ~ —

n + I  n + I  n
m ax [C? k~~~ 

+ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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(iv) The Treatment of Shock Waves by an Automatic Numerical “Switch”

In most of the flow field , the 2-D and 3-D algorithm - E q s . ( 3 . 1 ) +

( 3 . 2 )  and ( 3 . 1 6 ) + ( 3 . 17 )  and the c y l i n d r i c a l  symmet ry  a l g o r i t h m  - Eqs.

( 3 . l l ) + ( 3 . l 2 )  - give results which are linearl y stable and which are of

• second order accuracy .  In the v i c i n i t y  of shock waves and s t a g n a t i o n  p o i n t s

• t he re  ex i s t s  (for different reasons) the danger of non-linear numer i ca l

instability. Harten and Zwas , [6], a m e l i o r a t e  this phenomenon by a

modified application of the Shuman filter. Usually (see Vliegenthart [13])

the fil tering is applied to the who le f low f ield and this reduce s the

accuracy of the alg or ithm to f irst order. If , however , the filtering is

done only in the immedia te v icinity of a shock wave , then the non-linear

ins tab i l i ty is u s u a l l y  p reven ted wh i l e the accuracy of the com pu tat ion in

the rest of the flow field remains of second order.

In the two-dimensional and the cylindrically symmetric cases

one proceeds as fo1loi~s:

n
W = L (ç (3.2 j

j , k j, k

_n+l n+l 1 x n+l n+1 x n+1 n + 1
W = W + — [e (tV - W ) - o (1V - ) j

j  ,k j  ,k ~ j +~~, k J + l , k j  ,k j- k , k j  , k j - 1 , k

1 Y n+1 n+l y n+l n~~1
+ — [o (V — IV ) — 0 ( W - IV ) ] . (3. 28)

~ j , k~~ j  ,k+1 j  ,k j  ,k -~ j  ,k i , k-1

Wher e the operator I, is the scheme (3.l)+ (3.2), or in the cylindrical

symm et ry ca se , the scheme (3.ll)+ (3.12). The “switches ” ~) ,4
X

are defined as follows:
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x T I P  - p

o = 
j+1 ,k j,k , (3.29)

L max p - p
j,k j+1 ,k j,k

y I I~o = j  ,k+1 j  ,k 
(3. 30)

j,k+~ J max ~ -
L j  ,k j  ,k+l j  ,k

Near shock waves , or other re gions of very strong gradients , the

expr essions in the square brack et s in (3.2 9) and (3.30) are of order

unity and then O~ : x and the filtering defined by (3.28) becomes

oper ative . Away from the shock-wave , the fl ow i s smoo th and ~~~
“ ‘

~~
n+l n+l

Thu s, for in ~ 1 , in the smooth reg ions IV = W + 0 (Ax 2) at least;
j,k j,k

i.e. second ord er accur acy is preserved. In practice , one use s th e

scheme (3.27)+ (3.28) with the O~~ s and e >’’s substituted from (3.29)

and (3.30). Because of linear stability requirements we are constrained

to use 0 < x ~ 1.

In the three dimensional case Eq. (3.28) takes the form

_n+1 n+l x n+1 n+l x m i— I n+1
= W + — [ o (IV - IV - 0 (IV - IV )

j,k ,.t j,k,~ 
4 

~~~~~~~~~ j+l ,k ,Q j, k ,z j -~~ ,k ,.t j , k ,~ j - 1 ,k ,~

1 ~ 
n+1 n + l  V n i- i ni-i

+ — [ u (IV — IV ) — (IV — 1% )
~ ~~~~~~~~~~~~~~~ j,k+1 ,~ j,k ,~ ~~~~~~~ j, k ,~ j, k-1 ,~

n+ 1 ni-i 2 ni-I n+l
+ —[0 —W — 0 (W —W ) ~~ j ,k , ~~~~~ j  ,k , t+1 j  ,k , j ,k , - ,k , . j ,k , ; - I

(3. 28a~
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x y
where e and 0 are defined respectively according to

(3. 29) and (3. 30) s u i t a b l y  m o d i f i e d , and

z r I~ 
-

~~~~~~

= 
~ 

j,k,~ +l j,k ,c. I (3.31)

L max p - p
j,k ,~ j,k ,~~+l j,k,~

Al so , linear stability analysis [6], shows that in contradisti nction to

the two dimensional and cylindrical symmetric cases , in the three

dimensional case the filtering coefficient x has a more restricted

range. Specific al ly, in the 3-D case we are constrained to use

0 < x ~ 2/ 3 r n

4. TREATMENT OF BOUNDARY AND INITIAL CONDITION S

(i) Boundaries That Are Not on The Body -

The computation is usually done over a rectangular grid of J K

net points , where J is the number of grid points in t he  x - d i r e c t i o n  and

K is the number in the V or r direction . We choose  K in such a w a y

that the bow shock wave will not cross the upper b o u n d a r y . k = K (the

lower  b o u n d a r y , k = 1 , is usual lv taken a l o n g  t h e  a x i s  of s m m e t  ry )  but

t h e  rig h t  h a n d  h ou n da r , j  = J. ( Sec  s k e t c h . )  

~~~~~~•.. .~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ••- - -•-~~~~~~~~~-.~~~- 
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i

c
.

Along BC the boundary conditions are found by extrapolation a l o n g

450 lines except that very near to B (2 points along BC) w h e r e

the extrapol ation is in a direction perpendicular to BC. Along CF

we use the same s t r a t e g y  except  t h a t  v e L  v n e a r  F t h e  e~~t r a p o 1 a t  ~ Ofl

is in a direction parallel to the body surface. Along AI~ t h e

boundary conditions are determined b~ the symmetry of t h e  f l o w  ( z e r o

an g le of a t t a c k ) .

3 
_______

-

~ 

• - •  -. --
~~~~~~~~~~~

-
~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

—~~-.—-~~~
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I f  the  f l o w  i s  not  s y m m e t r i c  a b o u t  t h e  x - a x i s  ( a n g l e  of a t t a c k  is

not  z e r o )  t h en  f o r  t he  l ower  b o u n d a r y  we use  not  .\F h u t  a l i n e  B ’ C ’

~h i ch  we t r e a t  i n  the same manner as BC. On t h e  b o u n d a r y  AB we set

f i x e d  the  a m b i e n t  free stream conditions of the stead y state flow

which we are trying to model.

~‘ii) Bounda r y  C o n d i t i o n s  on the  S u r f a c e  of a T w o - D i m e n s i o n a l  Body

One way of dealing with boundary conditions on a bod y of a r b i t r a r y

sha p e i s to t ran s fo r m t h e  co mp u t a t i o n al g r i d  in such a fashion that the

bod y su r f a c e  then  c o i n c i d e s  w i t h  one of  t h e  ne w c o o r d in a t e s .  The

d i f f i c u l t y  w i t h  this is that the finite difference algorithm becomes

mo re complex  and has to  be changed  to f i t  each  new p r o b l e m . 1cc chose , on

t h e  o t h e r h and , t o s t ay  w i t h  t he  c o n v e n i e n c e  of  a r e c t a n g u l a r  m e s h .  Of

c o u r s e , we then face the problem t h a t  t h e body s u r f a c e  does  n ot , i n

ge n e r a l , pass  t h r o u g h g r i d  p o i n t s .  (See s k e t c h  on p r e v i o u s  p a g e . )

We need to kno w t h e  c o m p o n e n t s  of IV at  the  p o i n t  “Q” ( i n s  ide  t h e

b o d y )  at  t i m e  t~ in  o r de r to be able to co mpu t e , f o r ex a mp l e , W a t

point “2” (ou t  s i d e  t he  bod y)  a t  t i m e t~~~1 = t 1~ + A t .  The points

‘‘a ’’ and ‘‘h’’ were chosen i n  s u c h  a w a y  t h a t  t h e  l i n e  Qah is  n o r m a l to

the bod y a t  the point of  i n te r s e c t i o n , ‘‘ c ’’ . Fo r  the purpose cf t h e

d i s c u s s i o n  i n  this section only , let. I be ;mnv c o m p o n e n t  c t  l\ o r  c i

the r e l a t e d  v e c t o r  (c , U , v , F ) .  Whe n f s t a n d s  f o r  e i t h e r  t h e  d e n s  i t v ,

e n e r g y  or  t h e  veloc i t ~ in  t h e  direct ion of the t a n g e n t  to  t h e  b o d y  a t  ‘‘ c ’

we f i n d  i t s  v a l u e  at Q by using a ‘‘
~~l r •m b o l i c r e f l e c t i o n ’’ . N a m e l ’ , w e

pass a p a r a b o l a  t h r o u g h  the  p o i n t s  a , b and  Q ~o t h a t  the der  i v a t  i v e

in t he ~l i r cc t i o n  o I t he no m a  1 ~~~ h z e r o  a t t b ’  pc i n  t ‘‘ c ‘ . l’h i s i s

done by s e t t i n g

_ 
—— .-•_-• ._-_. . --_
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= 
- 

- + , IL l )

w h e r e  
~~~~~~~ 

Z~~~ and are the distances of the p o i n t s  “a ” , “b’  and

“Q” from the point ‘c” . The values of and are found from

parabolic interpolation among the grid points nearest to them . Thus

= ~(a- l)(a-2)f 1 
- 

~(~~- 2 ) f 2 + 
L t ( ~~~~l) 13 , ( 1 . 2 1

whe r e ~~ y i s  t h e d i s t a n ce of p o i n t  “ a ” f r o m  p o i n t  “1” , etc.

Whe n f s t ands  f o r  the  v e lo c i t y  in the  d i r e c t i o n  n o r m a l  to the bod y ,

i t  m u s t  v an i sh  a t p o i n t  “c ” . We s a t i s fy  t h i s  c o n d i t i o n  t h r o u g h a

parabolic extrapolation that yields f o r  f
Q 

the value

fQ 
= 

~Q L (~~ 
- ) Q ~ a 

+

(iii) Boundary Conditions on the Sur l ace  o f  a Bod y of Re v o  l u t  i o n

The philosop hy of the treatment is the same as i n  Sect ion .1 i

except that where the radius of c u r v a t u r e  of t h e  body is finite ~

i n st ead o f  pa r ab o l i c  r e f l e c t i o n  and ex t  r a p o l a  t ion  1 i n e a r  o n e s .  Tb i s

h e l ps w i t h  t h e  s t a h l  l i t y  and l e a v e s  the  o v e r a l  I a c c u r a c y  i i n c h a n ~~ed

‘Ihus  we r e p l a c e  ( 4 . 1 )  — ( 4 . 2 )  by ( . 1 . 4 )  + (4 .2):

f Q 
= f + ~~ (l~ 

- I )  , H
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w h i l e  (4.3) is rep lac ed by

c.o -

- + 
~~~~ - 

~~ ~~b 
- t a~~b a

Note that even thoug h the finite difference system is solved for

= rW , the conditions (4.4) and (4.5) are applied to the physical

q u a l i t i e s IV = W’/r.

Near the axis of symmetr y , r = 0 , we h a v e  the  p r obl em of IV’ = 0

the re .  To compute  IV on t h e  a x i s  we u se  the  kno wn v a l u e s  at  r = Ar

r = 2 Ar  and r = - \ r  and i n t e r p o la t e .  F i n a l l y ,  n o t e  t h a t  a l s o  on

b o u n d a r i e s  away f r o m  t h e  bod y su r f a c e , such  as BC f o r  e x a m p l e , a l l

ex t r a p o l a t i o n s  are done on IV and not  on W ’ .

( i v )  I n i t i a l  C o n d i t i o n s

At t = (1 t h e  w h o  1 e f 1 ow l i e  1 d i s a ss  i gn e d  t he  f r e e  st  r e a m  c cud i on

We chose  to  n o n d i m e n s i o n a l i : e  i n  suc h a w a ,  t h a t  b o t h  t h e  free st  i’eai~r res su re  and  Liens  it v t a k e  on t he va I iie o I I . T h u s  the free st ream soii nJ

sp eed b e c o m e s  c =

Wh en we LI i d parame t r i c r u n s  t he c cud i t i on s  a t  t = 0 we re ~ et

t h e  c o n v e r g e d  so 1 u t  i on  of a s I iii i 1 a r run t b u s  sa ~ i ng c o m p t m t  i t  i o n  t i ~~‘

_ _ _ _ _  —-.‘ -- .- — -‘ .~~~— .~~~
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~~. NUMERICAL RESULTS

i’hc n urne i i  ca I r e s u l t  s we re oh t a i ned f o r  s evera 1 problems

(i) Stead~- , two dimensional , su p e r s o n i c  f l o w  p a s t  a c i r c u l a r ly  b l u n t e d

wedge w ith a semi- apex ang le of 13 °, at :ero angle of attack.

(ii ) S t eady , c y lindricall y symmetric , supersonic flow past a sp hericall y

b l u n t e d  cone w ith a semi -ap ex solid angle of 13 °, at zero angle ci

a t t a c k

In both of the a b o v e  g r o u p i n g s  the computations w e r e  ca r r i e d  out

for free stream Mach number  r a n g e of 2 ~ ~ 4 wit h i umps of

= 0 . 5  f r o m  one run to another. The g r ap hs show t h e  distribut ion

along the body of the ratio of surface pressure to t h e  s t a g n a t i o n  p o i n t

Ires sure and the d is tribut ion of t h e  s u r f a c e  l o c a l  \ l a c h  n u m b e r .

The ~I a c h  numb e r ~i i  st ~
. i b u t  i o n  o v e r  t h e  wed ge is s h o w n  i n F i g s .  2 -

rhe p re s s u r e  Li i s  t r i b u t  ion ove  m. t h e  wedg e i S shown in Fi g s . - 11 . ‘I’he

p r e s s  n r c  LI i s t r i bu t i O U  OV ~~ r t l i e  c on e  i s shown iii F g s . 12 — 1 ii . ihe ~‘I ac Ii

number LI 1st r i hut i o n  o v e r  t h e  c o n e  i s shown i n  Fi gs . 1 — - 2 1  . .\ t  t h e  t op

of F i g s .  2 , —

‘ 
1 and V . each it M = 2 , is s h ow n  t i i e  b o d~ s h ap e  o v e r

w h i c h t h e  c a l c u l a t i o n  was ~Io ne .

Uhe ~ur face p m e ~ su r e  o v e r  t h e  h o d v  w a s  comput eLI i n  t w o  w a s ’ ~ : ~l i i c c  1 ‘

I ron the fin i t  c LI i ft cr e n c e  s c h e m e  and a I so by  a s s u m i n g  t h a t  the hod~

r e p  I t ’  -~ t ’ nt  s a st  t e a m  t u b e  o v e r  w h i c h t h e  N’ I S i sent rop i c I l o w  a n d  h e n L e

he r re s sure over i t  i s m e  I a t e d  LI i t o .  t I V t 0 t he I oca  1 1 ~tm T i m  c ’  N I - i

_ _ _ _  .‘. -~~~~~~~~~~- -~~~~~~~. ‘ .  ~~~~~~~~~~~~~~~~~~~~~~~~~~~
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i n  F i g . L.~ . f o r  e . x a m p l e , w e  show the pressure as  c o m p u t e d  b~’

~~~ h a p p i -oac l -- ; . The  d a s h e d  — line c u r v e  g ives  the pressure ratio as

c ’~ ained d i r e c t l y  f r o m  t h e  f i n i t e  d i f f e r e n c e  e q u a t i o n  and  t h e  undashed

curve c o r r e s p o n d s  to the “ i s e n t r o p i c ” c a l c u l a t i o n . It is seen t h a t  t h e

resul t s arc n e a r l y  identical except near t h e  f r o n t  of t h e  cone where

1~~~~ S c a l c u l a t i o n s  a r e  affected by the small r value. Because of the

igtcement b e t w e e n  the two methods , we show on mos t  g r a p hs o n l y  p r e s s u r e

i i s t r i b u t j o n  c u r v e .

A l l  t h e t w o  d i! ~~Cf l 5  i o n a l  calcu lat ions were done on a g r i d  0!

52 .~55 (3 = 52 , N = 5 5 ) .  R u n n i n g  t i m e , when t h e  i n i t i a l  c o n d i t  i on s

c o r r e spond  e v e r y w h e r e  t o  t h e  f r e e  s t r e am v a l u e  is a b o u t  25 m i n u t e s

( t h e re a r e  some v a r i a t i o n s  d e p e n d i n g  on Mach  number , w ed ge  a n g l e , e t c . ~~~.

h u t  i f  , t o  ‘ ~ x a i n n  I e , for the ~l 2 . S run  we u s e  as  i n  i t ia  1 c on d  i t  i on~

he n a i l e r !  ca 1 s ol  u t ion f r o m  t h e  M = 2 . 0 run , t h en  t h e  r u n n  i n~ t i lli e

dcc  r e , ,  Se t o  a b o ut  1 i i i  n u t  es . Ite thus found that the a ‘c ruti n i flc

t i n c  per  c a s e , t or c o r u p u t  i n i ~ t h e  cases M 2 , 2 .5 , 3 , 3.5 , 4 is

abo ut  12  m i n u te s .

F o r  t h e  f l o w  a round the 1)1 unt ed cone we used a ti e t of  n Sx ~ I g r i L l

~~O i n t  s and t h e  c om pu t at i o n  t i me was  roug h lv the same as  in t h’’

cartes ian case.

In  o r d e r  t o  c o m p ar e  ou r  a l g o r i t h m  w i t h  o t h e r  n u m e r i c a l  t c c h n i ~~i i c s

we  ri .md ii e o I the re s i t  I t  s oh t m  i n ed f r o m  scm i - emp I r i c a l  con ~ ’ii t L’ r p r c~: r iri ~

h a s  ~ d on R u s s  i an d a a tot a b I w it  cone w i t B 10° sen  i - a p e  \ .i t i c . I c i t

= 3 . Fit i s l i l t or al I i o n  i s  c on t  a i ne d  in  i 1 ~) t ~~ .\VC0 Repo r

_
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~ r ct  I ’  v R .  I!  . Nob r s . l\ e ran c a 1 ci i  1 a I i on s or  h e

s .irie con  Ii g u r i  on . t i c  con  a r i S i  I s s h o w n  i n h i  . 2. . I i s se en

h a t  t :ie a c L ~~~~~~~ a i s cc r \ g o o d

I
( i i i )  In  F i g .  2 3  we s h o w  t h e  r e s u l t s  f o r  o u r  b l u n t e d  we~lgc  b u t  i t  a n

ang  1 e o I i t  t i c k  of 5 ° . T h e  ( l i s t  i- i  b u t  i on 5 a rc  s h o w n  I cr  b o t h  t he

up per  and l o w e r  s u r f a c e s .

In a l l  of t h e  ab o v e  r u n s  we u s e d  a l i n e a r  Sh u n t a n  l i l t  er  , i . e.  we

t o o k  ni = 1 i n  e t l u a t  i o n s  3 . 1 S  and  3 . 1 0 .  The  d i s s i p a t i o n  c o e f f i c i e n t

x w a s  t a k e n  t o  be 1 / 2 I f l  t i l e  t w o  LI m i e n s  1 ona 1 en 1 cii i a t  i o n s  . I n t h e

ax  i s v m m et  r i c c a se  t he va 1 t i e  of  wa s  v a r  m ed to  g o t  b e s t  re ~ u l  t s t o r

t h e  st a g n a t  i o n  d e n s  i t v  an~1 w a s  f o u n d  t o  be .0  ‘~ 
< 1 . 0 .

( i v )  F m a  l i v  , w e  te sted cu r  3- I ) p~~ k a g e  by a p p  I v  i ng  i t  1 0 t ne r r o b  I em

of  t h e  ~ t i p c  r s o n  i C I i  oi~ p 1 s t  a b o d y  c o m p o s e d  of  a i e a  I s pub re

fo  1 l o w e d  by a c i r cu  1 a r cv 1 i t i d e  r , a t  a z e r o  a u g  1 c of  :i t t ic N

T ill s allo w ed us to check t o w  t h e  r e s u l t s  o b t a  m c d , us  m t  1 5—1 )

a 1 go r i t luit compa  N’ w 1 t h t h o  Sc  g i c on  b y  a ( t  wo - Li m e n  s i o n  a I I a i s v n n  r i c

s c h e m e  . T h e  c o u t p u t  i t  I on a  1 t ie  t w a s  4 2  x 4  O x  4 0 .  l ’hu s  we h a L t  0~~ . 2 0 0  aes  Ii

po t n t  s a~ c o n p a  eL t o t h e  4 , 225 p o i n t  s o f  t l ie 05~ oh  ‘‘2 J ) ’’ r e s h  I n

add  i t  ion  , in  e a c h  e s h  p o i n t  i i i  t lie 3 1) c :m se we h a v e  t o  st  0 N’ a

5 - v e c t o r  ( ‘  , ~u , v , w , I i )  i s  c o i t i pa  red t o  t l ie  .1 - roe t ci  .~ • ‘ i i  . . V

i n  t h e  i x  i s v n m c  I r i  c c .i S~~ . I liii’ I i .e  s t  o r a g e  r e~~i i 1 r e m o n  1 s i i i  lie S ca s

exceed b y  a f a c t o r  o f  ( t w e n t y )  t h o s e  o f  t h e  2 - I )  c a s e .  S i ct  : i ~~

re qil i rem ent e \c cod t ho cc re - l i e lo  rv c i  p l c  t v , w e  u sed  a i ‘ . c s f o r  l i e



‘
. . ‘ —-

~ , --. ‘— -

- 2 4  —

‘ s i  s s-  o r a g e .  ho i c  ac mi t  i i  i :ed t he  h y p e r b o l i c  n a t u r e  o I t he  p . d . e • sc  st C l i

a s  ‘ l e o  I I C I L I  n o i t i t  w a s  c o m p u t e d , i t s  ‘‘ c u b e  ( 3 x 3 x 3 )  of  i n f l u e n c e ’’ w a s

! i S \  cd f l \  on~ n~~~Ii p o i n t  f r e e  i n g  c o r e - m e m o r y  s t o r a g e  f o r  d a t a  t o  he

r u n s  f e r e d  f r o m  t h e  d i s c .  The d a t a  t r a n s f e r  can be do n e  w h i l e  t h e

, l r i t I I l c t L c  sf 11 c a r r i e s  out t h e  c o m p u t a t i o n .  In t h i s  m a n n e r  t h e  e f f L c t

o f  t h e  s l o w  r t t c  of t r a n s f e r  is  m i t i g a t e d .  In  f a ct , a t y p i c a l  r u n  t o o k

12 t ine ’ s longer than the corresponding 2-1) calculation (all w i t h  t h e

above g i v e n  mesh si:es). The “improved’’ efficienc y (1 v s .  2 0 )  i s  d u e

to  t h e  c o a r s e r  m e s h  ( 1/ 4 0  v s .  1/ 0 5 ) .  The p r e s s u r e  d i s t r i b u t i o n  t h u s

o b t a i ned agrees w e l l  w i t h  t h e  a x i s y m m e t r i c  r e s u l t s .  l’vp i c a l l v , w h i l e

t u e  s t a g n a t  ion p r e s s u r e  was  u n d e r - p r e d i c t e d  by a b o u t  3°~ i n  t h e  a x i

symmetr ic calculation , i t  w a s  o v e r - p r e d i c t e d  by a b o u t  4~ i i i  t h e  5 - I ’ )

r u n s .  T h e  d r a g  c o e f f i c i e n t

H = - 
I) _r_ Pst g f l  P JA

~~~~~~ ~~ P 0 ~ s tg  i~R~

w a  s en I cu  l i t  CLI i n ‘ o t h  en s  es . Tvp lea  I v a l u e s  , a t  M~, = 3 , a r c

1: 1) = OS (a xi s vm m e t r  i c )

— 1.1 ) 1 ( 3 — f l )

l \e c o n e  I i . : e  h e r e t ’ o i  e , t h a I  o ur  3 - I )  i i  go r  i t h i n  i ~ l p p m r o u t  I v  N I i H
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